It is well known that shape corrections have to be applied to the local-density ͑LDA͒ and generalized gradient ͑GGA͒ approximations to the Kohn-Sham exchange-correlation potential in order to obtain reliable response properties in time dependent density functional theory calculations. Here we demonstrate that it is an oversimplified view that these shape corrections concern primarily the asymptotic part of the potential, and that they affect only Rydberg type transitions. The performance is assessed of two shape-corrected Kohn-Sham potentials, the gradient-regulated asymptotic connection procedure applied to the Becke-Perdew potential ͑BP-GRAC͒ and the statistical averaging of ͑model͒ orbital potentials ͑SAOP͒, versus LDA and GGA potentials, in molecular response calculations of the static average polarizability ␣, the Cauchy coefficient S Ϫ4 , and the static average hyperpolarizability ␤. The nature of the distortions of the LDA/GGA potentials is highlighted and it is shown that they introduce many spurious excited states at too low energy which may mix with valence excited states, resulting in wrong excited state compositions. They also lead to wrong oscillator strengths and thus to a wrong spectral structure of properties like the polarizability. LDA, Becke-Lee-Yang-Parr ͑BLYP͒, and Becke-Perdew ͑BP͒ characteristically underestimate contributions to ␣ and S Ϫ4 from bound Rydberg-type states and overestimate those from the continuum. Cancellation of the errors in these contributions occasionally produces fortuitously good results. The distortions of the LDA, BLYP, and BP spectra are related to the deficiencies of the LDA/GGA potentials in both the bulk and outer molecular regions. In contrast, both SAOP and BP-GRAC potentials produce high quality polarizabilities for 21 molecules and also reliable Cauchy moments and hyperpolarizabilities for the selected molecules. The analysis for the N 2 molecule shows, that both SAOP and BP-GRAC yield reliable energies i and oscillator strengths f i of individual excitations, so that they reproduce well the spectral structure of ␣ and S Ϫ4 .
I. INTRODUCTION
The importance of shape corrections to the LDA/GGA Kohn-Sham ͑KS͒ potentials, consisting of asymptotic correction to yield Ϫ1/r behavior, as well as correction in the bulk molecular region, to set, e.g., the HOMO level at the first IP, for the calculation of response properties has been recognized 1 and has been demonstrated with various novel model exchange-correlation ͑xc͒ potentials for the ͑fre-quency dependent͒ dipole and quadrupole polarizabilities in Ref. 2 , and for a range of response properties including excitation energies in Refs. [3] [4] [5] [6] [7] [8] . A common feature of the successful new potentials is their effectively more attractive character ͓with respect to the long-range asymptotics v xc (ϱ)͔ in the bulk and outer valence regions compared to the standard potentials of the local density approximation ͑LDA͒ and generalized gradient approximations ͑GGAs͒. This feature is illustrated with Fig. 1 where the xc potentials constructed by statistical averaging of ͑model͒ orbital potentials ͑SAOP͒ 7, 9, 10 and by gradient-regulated asymptotic connection procedure 8 applied to the GGA Becke-Perdew xc potential 11, 12 ͑BP-GRAC͒ are plotted along the main axis of the molecule N 2 . They are compared with the LDA potential and with the uncorrected BP potential. Both SAOP and BP-GRAC potentials are shifted downward in the bulk valence region by ͑roughly͒ a constant compared to the LDA and BP ones. Note, that in the BP-GRAC case this shift is explicitly introduced in the GRAC procedure ͑see the next section for the methodical details͒. In the outer region both SAOP and BP-GRAC potentials have the Coulombic asymptotics Ϫ1/r, while the LDA potential decays exponentially and the BP potential decays as Ϫc/r 2 . These features of the new potentials bring a substantial improvement compared to the standard approximations of the energy gaps ⌬ ia ϭ a Ϫ i between the occupied valence i and the unoccupied a KS orbitals. The correct Coulombic asymptotics of the improved potentials leads to a relative stabilization of bound Rydberg-type states compared to the LDA/GGA potentials. This stabilization is however smaller than the downshift of the occupied orbitals due to the downshift of the SAOP and BP-GRAC potentials in the molecular region. Therefore, for higher-lying bound unoccupied Rydberg-type orbitals a the energy differences ⌬ ia are substantially increased. This is important for the excitation spectra calculated with TDDFT, since ⌬ ia serve in this theory as the zero order estimates of excitation energies. In addition, the correct Coulombic asymptotics of the improved potentials leads to an improved spatial extent of bound Rydberg-type states, which will affect the transition dipole matrix elements. We stress that the new potentials, as well as the older van Leeuwen-Baerends one, 1 are not only asymptotically corrected, but the shape correction in the molecular region is at least as important. If the unoccupied orbital a is a low-lying one which has its amplitude mostly in the same region as the HOMO, it will be downshifted by about the same amount, so we do not expect a large change in the excitation energies to such an orbital. These effects of the new potentials appear to be essential ͑see the analysis in Sec. IV͒ for the correct description of both the excitation energies and of other characteristics of the excitations such as their composition in terms of contributing orbital excitations and their relative contributions to the calculated polarizabilities.
Both SAOP and GRAC potentials have been tested successfully in TDDFT calculations of excitation spectra of small prototype systems and they have been also applied to more complex systems. Recently, for example, the SAOP potential has been applied successfully to calculation of excitation spectra of transition metal tetrapyrroles and of zinc phthalocyanine, 13, 14 and to calculation of polarizability and absorption spectra of alkali metal clusters. 15 Reliable results have been obtained with the BP-GRAC potential for the response properties of furan homologues. 16 These results corroborate the conclusion 5, 17 that the calculated response properties of compact systems depends mainly on the quality of the approximate xc potential v xc and they do not depend strongly on the approximation for the xc kernels f xc describing the spatial change and time evolution of v xc in response to a changing external potential. This allows to approximate f xc with the static derivatives of the LDA ͑adiabatic LDA, ALDA͒ or GGA potentials, thus neglecting the frequency dependence and the spatial nonlocality of these kernels.
In this paper the performance of the SAOP and BP-GRAC potentials is assessed in TDDFT calculations of the static average polarizability ␣ of 21 light molecules and also in calculations of the related properties such as the anisotropy of ␣, the Cauchy coefficient S Ϫ4 and the hyperpolarizability ␤. In Sec. II the methodical and computational details are given. In Sec. III the results of the SAOP and BP-GRAC molecular response calculations are compared with those of LDA and GGAs ͑BP and Becke-Lee-Yang-Parr ͑BLYP͒ 11, 18 approximations͒ as well as with the experimental data. SAOP, BP-GRAC, and BP yield polarizabilities of a similar good quality and they substantially improve upon LDA and BLYP. Furthermore, SAOP and BP-GRAC perform definitely better than either BP or LDA and BLYP in calculation of the S Ϫ4 Cauchy coefficients and, especially, in calculation of the hyperpolarizabilities ␤. In Sec. IV the analysis of contributions from individual excitations to ␣ and S Ϫ4 is performed for the case of the N 2 molecule, for which the corresponding experimental data are available. While SAOP and BP-GRAC reproduce very well the spectral structure of ␣ and S Ϫ4 , LDA, BLYP, and BP considerably distort it, so that a good quality of the total BP ␣ values appears to be the result of an error cancellation. The distortions of the LDA/GGA spectra are related to the deficient form of the corresponding potentials in both bulk and outer regions. Finally, conclusions are drawn in Sec. V.
II. COMPUTATIONAL DETAILS
The SAOP xc potential v xc SAOP is constructed according to Refs. 7, 9, and 10 as the statistical average over the occupied KS orbitals i , 
between the BP potential v xc BP in the bulk region and the LB potential v xc LB at the asymptotics, the latter being shifted upward by the constant (I p ϩ N ) where I p is the first vertical ionization potential ͑VIP͒. In ͑2.3͒ f (x) is the gradientdependent interpolation function (r)Ϫ(I p ϩ N ) with the zero asymptotic ͑here the shift is applied to the total potential͒, since v xc is defined only up to an arbitrary constant. In fact, this latter potential is presented in Fig. 1 , by the construction, ͑2.3͒, ͑2.4͒ it has the form of v xc BP in the bulk region and the proper Coulombic asymptotics Ϫ1/r, due to its LB component. The ionization potentials I p required for calculation of v xc BP-GRAC are taken from the experiment and they are presented in Table I .
The RESPONSE module of the Amsterdam Density Functional program ͑ADF2000.02 modified/development version͒ [20] [21] [22] [23] has been used to perform TDDFT calculations of molecular response properties 24 with the SAOP, BP-GRAC, LDA, and GGA potentials and with the ALDA xc kernel. We used the even tempered ͑ET͒ basis sets 25, 26 of Slater-type orbitals ͑STOs͒ consisting of the 1s, 2p, 3d,... functions with the orbital exponents Zϭab i , iϭ1,...,n, b ϭ1.7. Table II presents the number n of 1s, 2p, 3d, and 4 f functions for each atom and the a values for the most diffuse functions. These ET basis sets were selected monitoring the quality of results with the number of diffuse functions added to standard ET basis sets. To avoid numerical problems, linear combinations of atomic orbitals have been removed from the basis sets, for which the linear dependence due to the addition of a large number of diffuse functions was detected. The results obtained with the present basis appear to be close to the basis set limit.
The calculated average static polarizability ␣ and hyperpolarizability ␤ are given by ͑the indices ab... label the Cartesian axes x,y,z͒:
͓in ͑2.6͒ a is the dipolar axis͔, while the anisotropy of the polarizability ⌬␣ is
The components of the dipole polarizability ␣ ab and hyperpolarizability ␤ abc tensors can be defined through an expansion of the dipole moment a into different orders of the external fields E b 
͑2.8͒
The S Ϫ4 Cauchy coefficient relates to the frequency dispersion in the average dipole polarizability ␣() ␣͑͒ϭ␣͑0͒ϩS Ϫ4 2 ϩS Ϫ6 4 ϩ¯.
͑2.9͒
The Cauchy coefficients S Ϫ2k are calculated from all oscillator strengths f i , weighted by an even power of the excitation energies i ,
The S Ϫ2 coefficient is equal to the average static polarizability ␣ while the S 0 coefficient should be equal to the number of electrons in the basis set limit.
III. RESULTS OF MOLECULAR RESPONSE CALCULATIONS
A key feature of the SAOP potential mentioned in the Introduction, its more attractive character compared to the LDA and GGA potentials, is illustrated with Table I where the corresponding energies N of the highest occupied molecular orbital ͑HOMO͒ are compared with the first VIP I p . Note, that the rigorous KS theory requires N ϭϪI p for potentials with the zero asymptotics v xc (ϱ)ϭ0. The LDA and GGA Ϫ N values are substantially smaller than I p , with the BLYP energies being, as a rule, the smallest ones. The BP error in the fourth column of Table I 28, 29 calculated with SAOP, BP-GRAC and the standard LDA and GGA ͑BP, BLYP͒ potentials with the experimental ␣ values ͑expt.͒. [30] [31] [32] [33] [34] [35] [36] The molecules in Table III are placed in the order of increasing polarizability. LDA systematically overestimates ␣, it has the same average of the relative (␣ Ϫ␣ exp ) and absolute ͉␣Ϫ␣ exp ͉ errors, which amount to 5%. The performance of GGA appears to depend substantially on the type of functional. BLYP produces worse ␣ values with the larger average error of 7%. On the other hand, BP substantially improves upon LDA, with the average absolute error being reduced to 2.6%. Both BP-GRAC and SAOP definitely improve further upon BP for molecules with smaller polarizabilities at the top of Table III ͑the only exception is the SAOP ␣ value for H 2 , which is slightly worse than the BP one͒. For molecules with larger polarizabilities the trend is not so uniform. The BP-GRAC average absolute error is further reduced to 1.2%, while the SAOP produces almost the same error of 2.5% as BP. Compared to other potentials, SAOP has the much smaller average ␣ error of only 0.07%. This means that, while LDA and GGAs tend to overestimate ␣, SAOP lacks this systematic overestimation and its ␣ values are distributed around the experimental ones. Table IV presents the anisotropies ͑2.7͒ of the static polarizabilities of 11 molecules. One can see from Table IV that LDA, BLYP, and BP yield similar anisotropies. BP-GRAC improves upon BP, especially for the molecules H 2 O and H 2 S with small anisotropies, while the results of SAOP for this quantity are somewhat worse than the BP-GRAC ones.
Table V presents the S Ϫ4 Cauchy coefficients ͑2.10͒ for 13 molecules. As in the case of polarizabilities, LDA systematically overestimates the S Ϫ4 coefficient with an average relative ͉S Ϫ4 ͉ error of 21% and BLYP increases further this error. On the other hand, BP improves upon LDA and the BP error is reduced to 14%. Both BP-GRAC and SAOP definitely improve further upon BP, in particular, the BP-GRAC S Ϫ4 values are better than the BP ones in all cases except CO 2 . This brings both SAOP and BP-GRAC ͉S Ϫ4 ͉ errors down to 7.3% and 3.9%, respectively ͑see Table VIII͒. SAOP produces also a very small average S Ϫ4 error of only Ϫ0.05%. and BP-GRAC improve substantially upon BP, with the average ͉␤͉ error being reduced to 3% and 5%, respectively. Thus, application of the SAOP and BP-GRAC potentials bring the DFT hyperpolarizabilities rather close to those obtained with the most advanced ab initio coupled cluster methods. It should be cautioned, however, that at this point the comparison is not definitive, errors in either the CCSD͑T͒ values ͑due to basis set deficiencies, for instance͒ or in the SAOP or BP-GRAC values may be as large as their difference.
To sum up, SAOP, BP-GRAC, and BP produce polarizabilities ␣ of the same good quality and they substantially improve upon LDA and BLYP. However, SAOP and BP-GRAC perform definitely better than BP in calculation of the S Ϫ4 Cauchy coefficients and, especially, in calculation of the hyperpolarizabilities ␤. These trends will be rationalized in the next section with the spectral analysis of the response properties of the N 2 molecule.
IV. SPECTRAL ANALYSIS OF THE RESPONSE PROPERTIES OF N 2
A physically sound TDDFT approach should reproduce not only total response quantities, such as ␣ and S Ϫ4 , but also their spectral structure, i.e., the oscillator strenghts f i and energies i of individual excitations, which determine ␣ and S Ϫ4 through the sum rules ͓i.e., particular cases of Eq. Table VII . There are also presented ͑in parentheses, below the experimental i values͒ as representative accurate ab initio values the excitation energies obtained recently with the size-consistent self-consistent configuration interaction operator ͑SC͒ 2 CI applied to the complete active space single and double CI ͑CAS-SDCI͒. We note that the experimental spectra exhibit strongly overlapping progressions of vibronic states, which sometimes are perturbed due to interaction. Since we calculate vertical transitions we cite in the table the experimental transition energies to the vibrational states with maximum intensity. These do not always stand out unambigouously, and in view of the vibrational level splittings ranging from 0.1 to 0.25 eV we should take the ''experimental'' benchmark levels to have an uncertainty of ca. 0.1 eV.
There Fig. 2 with drawn lines, the Rydberg states with broken lines͒. This indicates that the 3 u is not simply the expected antibonding combination of 2p AO's on the N atoms ͑in which case we would be dealing with a valence excitation͒. Indeed, because of the short N-N distance the 2p -2p is extremely antibonding and very high lying, and we find the 3 u to be a very diffuse strongly hybridized ͑so as to reduce antibonding character͒ combination of notably atomic 4s and 4p character. This confirms the experimental assignment of Rydberg character.
As for the three 1 ⌸ u states we obtain almost perfect agreement with experiment for both the SAOP and BP-GRAC potentials when we assign the three calculated 1 Comparing now to the BP and LDA calculations, we note that these produce similar to each other and qualitatively incorrect excitation spectra. First of all, the considered three Rydberg-type states ͑broken lines in Fig. 2͒ are shifted downward by 2.2-2.8 eV in the BP and LDA diagrams compared to the experiment. Furthermore, as many as 25 other Rydberg and mixed states ͑dotted lines in Fig. 2͒ are placed by BP and LDA below 15 eV. The excitations with valence character ͑2 u →1 g and 1 u →1 g ͒, however, are not shifted much in the LDA/GGA calculations and remain in good agreement with the experimental, SAOP and BP-GRAC o 1 ⌸ u and bЈ 1 ⌺ u ϩ states. The incorrect LDA/GGA spectra are, clearly, artefacts of the deficient LDA/GGA potentials, specifically, of their upward shift in the bulk region displayed in Fig. 1 . This shift does not influence valence excitations, since the participating occupied and unoccupied valence orbitals, which are localized in the bulk region, both experience approximately the same upward shift. However, in the outer region the difference between the LDA/GGA and SAOP/BP-GRAC potentials is reduced, since all potentials approach ͑though in a different way͒ the zero asymptotics. Because of this, the LDA/GGA upward shift for Rydberg orbitals in the outer region is substantially smaller, than that for valence orbitals in the bulk region. This causes an artificial stabilization of the Rydberg orbitals with respect to the valence ones, which produces the underestimated LDA/GGA energies i of the Rydberg excitations ͑see Table VII͒ and, as a result, the incorrect LDA/GGA spectra with many Rydberg-type states below 15 eV presented in Fig. 2 .
Besides the excitation energy i , Table VII presents also the oscillator strength f i and the percentage of the main orbital transition i → a for each considered excited state, obtained with the SAOP, BP-GRAC, BP, BLYP, and LDA potentials. In the case of the SAOP and BP-GRAC calculations, as well as for the experimental data, we are simply dealing with the five lowest excited states, but for the LDA and GGA potentials we have to identify the appropriate excited states among the many spurious Rydberg states. In almost all cases ͑with a caveat for bЈ 1 ⌺ u ϩ , see below͒ it was possible for each of the potentials to unambiguously identify the excited state with the main contribution from a given orbital transition. In the table are also presented individual and overall contributions from the lowest excitations to ␣ and S Ϫ4 .
We consider, first, the valence excitations 2 u →1 g and 1 u →1 g which are associated according to our assignment with the two highest states, bЈ 1 ⌺ u ϩ and o 1 ⌸ u . The excitation energies of SAOP are in excellent agreement with experiment, as are the oscillator strengths f i . We note that the oscillator strengths are very difficult to calculate to high accuracy, being very sensitive to small changes in orbital composition of transitions, basis set, etc. Agreement within a factor of 2 with experiment can be considered very satisfactory. The energies of BP-GRAC are also very good, but the 2 u →1 g excitation being a bit low and the next lower 1 u →4 g excitation being a bit high leads to strong mixing between these orbital excitations ͑almost 50/50͒. As a result the oscillator strength of the BP-GRAC 2 u →1 g (o 1 ⌸ u ) is rather low and that of 1 u →4 g (c 1 ⌸ u ) rather high. The contributions from the 2 u →1 g and 1 u →4 g transitions to the f i partially cancel each other for the former state and they add up for the latter state. Turning to the LDA/GGA calculations, we have already noted that LDA, BP, and BLYP energies i are not very different from the SAOP and BP-GRAC ones and accordingly also reproduce the experimental excitation energies reasonably well. It appears, however, that LDA/GGAs distort seriously the orbital structure of the TDDFT solution for these excitations. Indeed, although the contribution of the valence orbital transition 1 u →1 g to the excitation associated with the bЈ 1 ⌺ u ϩ state is the largest of all contributing orbital transitions, it is only ϳ25% according to LDA, BLYP, and BP. Many smaller contributions come from numerous Rydbergtype orbital transitions i → a which, in turn, bring their dominant contributions to the corresponding Rydberg-type states with have energies close to that of the bЈ 1 ⌺ u ϩ state ͑see Fig. 2͒ . As for the o 1 ⌸ u state, although LDA and BLYP still have the orbital transition 2 u →1 g as dominant contribution, they produce also an appreciable contribution of 2 u →1 g to another excitation with the energy 13.1 eV, which is very close to the 12.99 eV they obtain for the o 1 ⌸ u state. The i and f i values for this additional excitation are given in parentheses in the corresponding columns of Table  VII . This situation, where a strong mixture of the valence and Rydberg orbital transitions occurs because of the presence of a multitude of Rydberg excitations with energies close to the valence excitations, as presented in Fig. 2 , occurs for both the 1 u →1 g and the 2 u →1 g excitations and creates a serious problem for the proper interpretation of the LDA/GGA TDDFT spectrum. The latter is, clearly, an artifact of the relative stabilization of the Rydberg-type orbitals in the deficient LDA/GGA potentials discussed above.
Note, that the SAOP TDDFT solution for the valence excitations does not present such an interpretation problem. Indeed, with SAOP the excitation associated with the o 1 ⌸ u state is produced predominantly ͑91%͒ with the assigned orbital transition 2 u →1 g ͑see Table VII͒. In the other valence excitation associated with the bЈ 1 ⌺ u ϩ state the assigned orbital transition 1 u →1 g is mixed with Rydberg transitions according to both SAOP and BP-GRAC, but these Rydberg orbital transitions are the predominant contributions to Rydberg-type states, which are lying much higher than the bЈ 1 ⌺ u ϩ state, so that this does not present a problem for the assignment of the SAOP and BP-GRAC spectra.
We proceed our spectral analysis with the discussion of the lowest Rydberg-type excitations in Table VII . In this case for all potentials the assigned orbital transitions bring dominant contributions to the corresponding excitations, with the above-mentioned exception of the contribution of the 1 u →4 g excitation to the c 1 ⌸ u state for BP-GRAC, where it gets mixed with the valence 2 u →1 g . However, there is a remarkable difference between the oscillator strengths f i cal-culated for these Rydberg excitations with the SAOP and BP-GRAC potentials, on the one side, and with the LDA, BLYP, and BP potentials, on the other side. LDA/GGAs produce very low f i , which are much smaller than the experimental values for all three Rydberg-type excitations of Table  VII . SAOP and BP-GRAC produce much larger f i , in particular, for the lowest 3 g →3 u excitation the SAOP/BP-GRAC f i are 50-70 times as large and for the next 3 g →2 u excitation they are 20-30 times as large as the LDA/ GGA f i . On the other hand, these SAOP/BP-GRAC f i are rather close to the experimental values.
The reason for these very different f i values appears to be the different size of the relevant Rydberg-type molecular orbitals ͑MOs͒ calculated with the SAOP/BP-GRAC and with the LDA/GGA potentials. The analysis of these MOs in terms of the atomic orbitals ͑AOs͒ of the N atoms reveals that, while the 3 u , 2 u , and 4 g MOs calculated with LDA/GGA consist, predominantly, of the 3s, 3p AOs, the same MOs calculated with SAOP/BP-GRAC consist, mainly, of the substantially more diffuse 4s, 4p and higher lying AOs. The resultant more diffuse SAOP/BP-GRAC 3 u , 2 u , and 4 g MOs yield larger orbital transition moments r ia ϭ͗ i ͉r ͉ a ͘ ͑r is x, y or z͒ than those calculated with LDA/GGAs. This difference is further amplified for the oscillator strengths f i , which include the squares of r ia .
The physical reason for the different size of the Rydbergtype orbitals obtained with the SAOP/BP-GRAC and LDA/ GGA potentials is, again, the deficient form of the latter potentials, this time in the outer region. Indeed, as can be clearly seen from Fig. 1 , the LDA/GGA potentials with their fast decay differ appreciably from zero in a much more restricted area than the SAOP and BP-GRAC potentials with their correct Coulombic asymptotics. Because of this, the former potentials confine bound Rydberg MOs in the restricted area, making them more localized, while the latter potentials support more diffuse Rydberg MOs. These more diffuse MOs produce much larger SAOP/BP-GRAC oscillator strengths f i , as was explained above.
The above-mentioned low f i for the three Rydberg-type excitations make partial LDA/GGA sums ͚ i f i over our five states in Table VII much smaller compared to the experimental ones. The sums calculated with LDA and BLYP are especially low, but if we add ͑in parentheses in the corresponding columns of Table VII͒ the additional excitation with an appreciable contribution from the 2 u →1 g orbital transition ͑see the discussion above͒, the LDA and BLYP sums become close to the BP one. The factors by which the f i , which are in the numerators of ͑4.1͒ and ͑4.2͒, are too low are more significant than the too large factors 1/ i 2 and 1/ i 4 due to the smaller energies i in the denominators, thus producing low LDA/GGA partial ␣ and S Ϫ4 values, which are 2 to 3 times smaller than the corresponding experimental values. In contrast, the SAOP and BP-GRAC overall pictures for the lowest dipole allowed excitations agree very well with the experiment. SAOP and BP-GRAC yield practically the same partial f sums, which are close to the experimental estimate and, as was discussed above, they reproduce the experimental excitation energies i . As a result, the SAOP and BP-GRAC partial ␣ and S Ϫ4 values appear to be close to each other and to the experimental values ͑see Table VII͒. Interesting enough, the above-mentioned LDA/GGA underestimation of the contributions from the lowest excitations is more than compensated with overestimated contributions from higher excitations, the summation over which ͑to obtain ␣ and S Ϫ4 ͒ is supposed to represent integration ͑in a Stieltjes sense͒ over the underlying ionization continuum. Table VIII presents the f i and i values calculated for excitations with energies i , which are higher than the N 2 ionization energy I p ϭ15.6 eV and lower than the threshold of 22 eV, and which have oscillator strengths f i higher than 0.1. Just as in Table VII , the LDA/GGA energies i of Table VIII are consistently lower than the SAOP and BP-GRAC ones. However, unlike in Table VII , the LDA/GGA oscillator strengths f i for the excitations in Table VIII appear to be systematically larger than the SAOP/BP-GRAC ones. This latter trend can be understood qualitatively from the sum rule ͑4.3͒, which requires the sum over f i to be the constant N, the total number of electrons. Then, underestimation of the partial sum ͚ i f i over the lowest excitations in Table VII must be compensated with a corresponding overestimation for higher excitations, which can be seen from Table VIII. In this latter case, the LDA/GGA underestimation of i and overestimation of f i work in the same direction, so that the LDA/GGA partial ␣ and S Ϫ4 values for the ''continuum'' states are substantially larger than the SAOP/BP-GRAC ones ͑see Table VIII͒. Thus, BP as well as LDA and BLYP substantially underestimate contributions to ␣ and S Ϫ4 from the Rydberg-state excitations and they overestimate those from the ''continuum'' states. Contrary to this, SAOP and BP-GRAC yield a more balanced ''excitation structure'' of ␣ and S Ϫ4 , which is remarkably similar for both methods and which agrees well with the experimental data for the lowest excitations. Due to the partial compensation of the above-mentioned LDA/GGA errors of opposite signs, the total LDA/GGA polarizabilities for N 2 are in better agreement with experiment than the corresponding partial sums over the lowest excitations ͑compare Tables III and VII͒. An especially lucky error compensation occurs for BP with ␣ϭ12.06 a.u., which is not much larger than the experimental value ␣ϭ11.74 a.u., though the SAOP ␣ϭ11.82 a.u. and BP-GRAC ␣ ϭ11.78 a.u. still have smaller errors. Then, bearing in mind that BP underestimates the higher excitation energies i and that the S Ϫ4 sum ͑4.2͒ has the additional i 2 factor in the denominator compared to the ␣ sum ͑4.1͒, one can expect a larger BP overestimation for the S Ϫ4 Cauchy coefficient. Indeed, as follows from Table V, the BP value S Ϫ4 ϭ32.99 a.u. is appreciably larger than the experimental S Ϫ4 ϭ30.11 a.u., while the SAOP S Ϫ4 ϭ30.48 a.u. and the BP-GRAC S Ϫ4 ϭ30.20 a.u. are close to the experiment.
The spectral analysis of the polarizability ␣ and the S Ϫ4 Cauchy coefficient of N 2 performed in this section shows, that LDA and GGAs all produce a distorted picture of the contributions to ␣ and S Ϫ4 from individual excitations. In contrast, SAOP and BP-GRAC both yield a qualitatively correct structure of ␣ and S Ϫ4 . General conclusions from this analysis will be drawn in the next section.
V. CONCLUSIONS
It has often been observed that in particular excitations to Rydberg states are affected by the shape corrections to the LDA and GGA xc potentials, while valence excitations are believed to be represented reasonably well by LDA and GGA calculations. In this paper the performance of the approximate SAOP 7 and BP-GRAC 8 xc potentials has been assessed in molecular TDDFT calculations of the static average polarizability ␣, and its frequency dispersion in the form of the S Ϫ4 Cauchy coefficient, and the static average hyperpolarizability ␤. The results have been compared with those obtained with the standard LDA and some GGA ͑BP and BLYP͒ potentials, and the performance of these potentials has been more closely examined by explicitly considering the spectral structure of ␣ and S Ϫ4 .
Due to their correct form, the SAOP and BP-GRAC potentials reproduce well the characteristics of the molecular excitation spectra, such as individual excitation energies i and oscillator strengths f i . In contrast, standard LDA and GGA potentials produce a distorted spectral structure of ␣ and S Ϫ4 . They tend to underestimate the energies i and they also appear to underestimate the oscillator strengths f i of excitations to bound Rydberg-type states and overestimate those for excitations to the ''continuum'' states. As a result, LDA and GGAs tend to underestimate contributions to ␣ and S Ϫ4 from Rydberg-type states and to overestimate those from the continuum, so that these errors of opposite signs partially compensate each other.
These distortions of the LDA/GGA spectra have been related to the deficient form of the corresponding potentials in both bulk and outer regions. In particular, artificial stabilization ͑low energies i ͒ of the Rydberg-type states is due to the upward shift of the LDA/GGA potentials in the bulk region. In turn, artificial localization of bound Rydberg-type states, which results in low oscillator strengths f i , is due to the fast decay of the LDA/GGA potentials in the outer region, which makes the LDA/GGA potential well considerably more narrow than the asymptotically corrected SAOP and BP-GRAC potentials, see Fig. 1 . The distortions create a serious problem for the assignment of the LDA/GGA TDDFT spectra. The SAOP and BP-GRAC potentials, which are free from the above-mentioned deficiencies, produce a balanced spectral structure of the molecular response quantities. Both SAOP and BP-GRAC yield high quality molecular polarizabilities ␣, Cauchy coefficients S Ϫ4 , and hyperpolarizabilities ␤ for the considered molecules. The SAOP and BP-GRAC average errors for these properties are only a few percent and they improve substantially upon LDA and BLYP. Due to somewhat reduced errors from individual excitations and their lucky cancellation, BP also reproduces well the polarizabilities. However, the distorted BP spectral structure of the response properties manifests itself in a worsening quality of the BP Cauchy coefficients and hyperpolarizabilities.
Further refinement of the SAOP and BP-GRAC potentials can further enhance the quality of the TDDFT results. Within SAOP, for example, one can apply statistical averag-TABLE VIII. Oscillator strength f and excitation energy calculated for the excitations which have energies higher than the N 2 ionization potential and lower than 22 eV and oscillator strengths larger than 0. ing separately to the xc hole and ''response'' 42 parts of a model xc potential. Within the GRAC procedure, one can use, instead of the BP potential, the derivative of an exchange-correlation energy functional with parameters which would be directly fitted to reproduce molecular response properties calculated with the resultant GRAC potential. Further improvement of the TDDFT results might also require ͑especially for larger, more polarizable molecules͒ refinement of the xc kernel beyond the ALDA f xc employed in the present paper.
